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In this paper we prove some properties of the maximal solution of Navier–Stokes equations.
If the maximum time T ∗ν is ﬁnite, we establish that the growth of ‖u(t)‖H˙ s is at least of
the order of (T ∗ν − t)−s/3 (see Eq. (1.4)), also we give some new blow-up results. Speciﬁc
properties and standard techniques are used.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
We study the behavior of the solutions near the maximum time of existence for the following incompressible Navier–
Stokes system⎧⎨
⎩
∂tu − νu + (u.∇)u = −∇p, in R+ ×R3,
div u = 0 in R+ ×R3,
u(0) = u0 in R3,
(NSν )
where ν > 0 is the viscosity of the ﬂuid, u = u(t, x) = (u1,u2,u3) and p = p(t, x) denote respectively the unknown velocity





3(x)) is a given initial velocity. If u
0 is quite regular, the divergence free condition determine the pressure p.
The Navier–Stokes problem has been studied by many authors like [7,10], . . . . For u0 ∈ L2(R3), Leray, in [10], proved
an existence result in L∞(R+, L2(R3)) ∩ L2(R+, H˙1(R3)), and He gives some L2-energy estimate. Moreover, if the initial
condition is more regular, and the Leray solution becomes irregular at T ∗ν , we have
cν3
T ∗ν − t

∥∥∇u(t)∥∥4L2 . (1.1)
For the strong solution of the problem (NSν), the global existence is proved in some special cases:
• Smallness in critical spaces (H˙1/2, L3, . . . ), smallness of quantity invariant under change of scale
u0(x) −→ λu0(λx)





‖u0‖L∞ , ‖u0‖L3 , . . . .
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used all the properties of dimension 2, which gives the global existence in the case of 2D Navier–Stokes equations.
For further results and details can consult the book by Cannone [2].
Also, if the initial condition is regular, we don’t have a result of global existence with large initial data. On the other side,
if u0 ∈ Hs(R3), with s > 5/2, T. Kato (see [8]) shows that there is existence and uniqueness for a local solution, precisely
Theorem 1.1. If ν  0. If u0 ∈ Hs(R3), with s > 5/2, a divergence-free vectors ﬁeld, then there exists a time T > 0 and a strong
solution u of (NSν) in C([0, T ]; Hs) ∩ C1([0, T ]; Hs−1).
For more information on the maximum solution of our problem (NSν ), J. Beale, T. Kato, A. Majda (see [1]) and T. Kato,
G. Ponce (see [9]) proved the following blow-up result,
Theorem 1.2. If ν  0. Let s > 5/2 and u ∈ C([0, T ∗ν ); Hs) a solution of (NSν) with u /∈ C([0, T ∗ν ]; Hs). Then
T ∗ν∫
0
∥∥∇ × u(t)∥∥L∞ dt = +∞.
Here, in the case of non-smoothness overall, we are trying to ﬁnd more information on the growth of solution, and we
give some properties of maximum time. In particular, we give an elementary proof of Leray property (1.1). Our main result
is the following
Theorem 1.3. Let u ∈ C([0, T ∗ν ), Hs(R3)) (s > 5/2) be a maximal solution of (NSν), given by Theorem 1.1. Suppose that T ∗ν < ∞, then
c(s)ν3s/4
(T ∗ν − t)s/4

∥∥u(t)∥∥s−1L2 ∥∥u(t)∥∥H˙ s , (1.2)
c(s)νs/3




∥∥u(t)∥∥H˙ s , (1.3)
cν3
T ∗ν − t

∥∥∇u(t)∥∥4L2 : Leray property, (1.4)
ν/2
T ∗ν − t

∥∥F(u)(t)∥∥2L1 . (1.5)




∥∥∇u(τ )∥∥2L2 dτ = ∥∥u(a)∥∥2L2 , ∀0 a t < T ∗ν . (1.6)
This equality implies the decay of the L2 norm of the solution. Then, Eqs. (1.2)–(1.3) give more precision on the explosion
in H˙ s norm and its decay in L2 norm.






(T ∗ν − t)s/3

∥∥u(t)∥∥Hs . (1.7)
The rest of this paper is organized as follows. Section 2 contains some notations and deﬁnitions. In Section 3, we prove
Theorem 1.3 and we give some important remarks. The proof used classical product law in the homogeneous Sobolev spaces,
interpolation results and Fourier analysis.
2. Notations
In this short section we collect some notations and deﬁnitions that will be used later on.
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F( f )(ξ) =∧f (ξ) =
∫
R3
exp(−ix.ξ ) f (x)dx, ξ = (ξ1, ξ2, ξ3) ∈R3.




exp(iξ.x) f (ξ)dξ, x = (x1, x2, x3) ∈R3.
• For s ∈ R, Hs(R3) denotes the usual non-homogeneous Sobolev space on R3 and 〈.,.〉Hs(R3) denotes the usual scalar
product on Hs(R3).
• For s ∈R, H˙ s(R3) denotes the usual homogeneous Sobolev space on R3 and 〈.,.〉H˙ s(R3) denotes the usual scalar product
on H˙ s(R3).
• The convolution product of a suitable pair of functions f and g on R3 is given by




• For any Banach space (B,‖.‖), any real number 1 p ∞ and any time T > 0, we will denote by LpT (B) the space of
all measurable functions
t ∈ [0, T ] → f (t) ∈ B
such that(
t → ∥∥ f (t)∥∥) ∈ Lp([0, T ]).
• If f = ( f1, f2, f3) and g = (g1, g2, g3) are two vector ﬁelds, we set
f ⊗ g := (g1 f , g2 f , g3 f ),
and
div( f ⊗ g) := (div(g1 f ),div(g2 f ),div(g3 f )).
3. Proof of Theorem 1.3
In the proof, often using interpolation results in Sobolev spaces, laws produced in homogeneous Sobolev, the classical
inequality ab app + b
q
q , and the fundamental property u∇v = div(u ⊗ v), if divu = 0.
We begin by given a fundamental lemma concerning some product laws in Homogeneous Sobolev spaces.
Lemma 3.1. (See [3].) Let s, s′ be two real numbers such that
s < 3/2 and s + s′ > 0.





(‖ f ‖H˙ s(R3)‖g‖H˙ s′ (R3) + ‖ f ‖H˙ s′ (R3)‖g‖H˙ s(R3)). (3.1)
If s, s′ < 3/2 and s + s′ > 0, there exists a constant c = c(s, s′),
‖ f g‖H˙ s+s′−3/2(R3)  c‖ f ‖H˙ s(R3)‖g‖H˙ s′ (R3). (3.2)
3.1. Proof of (1.2)
Take scalar product in H˙ s ,
1
2
∂t‖u‖2H˙ s + ν‖∇u‖2H˙ s  ‖u ⊗ u‖H˙ s‖∇u‖H˙ s .
By Lemma 3.1, and interpolation results we obtain
1
∂t‖u‖2˙ s + ν‖∇u‖2˙ s  c(s)‖u‖H˙1‖u‖ s+ 1 ‖∇u‖H˙ s  c(s)‖u‖H˙1‖u‖1/2˙ s ‖∇u‖3/2˙ s .2 H H H˙ 2 H H
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1
2






∂t‖u‖2H˙ s + ν‖∇u‖2H˙ s  c(s)ν−3‖u‖4H˙1‖u‖2H˙ s .
By Gronwall lemma, for every 0 a t < T ∗ν∥∥u(t)∥∥2H˙ s  ∥∥u(a)∥∥2H˙ s ec(s)ν−3
∫ t
a ‖u‖4H˙1 dτ . (3.3)
Since limsupt→T ∗ν ‖u(t)‖2H˙ s = ∞, then
T ∗ν∫
a
∥∥u(τ )∥∥4H˙1 dτ = ∞, ∀0 a < T ∗ν . (3.4)


















then ∥∥u(t)∥∥4H˙1  c(s)∥∥u(t)∥∥4(s−1)/sL2 ∥∥u(a)∥∥4/sH˙ s ec(s)ν−3
∫ t
a ‖u(τ )‖4H˙1d τ
and ∥∥u(t)∥∥4H˙1e−c(s)ν−3
∫ t
a ‖u(τ )‖4H˙1 dτ  c(s)
∥∥u0∥∥4(s−1)/sL2 ∥∥u(a)∥∥4/sH˙ s .
We integrate on [a, T ], T < T ∗ν ,
1− e−c(s)ν−1
∫ T
a ‖u(t)‖4H˙1  c(s)ν−3
∥∥u0∥∥4(s−1)/sL2(R3) ∥∥u(a)∥∥4/sH˙ s (T − a).
Take the limit T −→ T ∗ν , we obtain
1 c(s)ν−3
∥∥u0∥∥4(s−1)/sL2 ∥∥u(a)∥∥4/sH˙ s (T ∗ν − a).
For 0 t1 < T ∗ν , consider the following system⎧⎨
⎩
∂t v − νv + (v.∇)v = −∇p1, in R+ ×R3,
div v = 0 in R+ ×R3,
v(0) = u(t1) in R3.
((NSν)t1 )
The maximal solution, of the above system denoted by v , is in C([0, T ∗ν ), Hs) with t∗ν = T ∗ν − t1 and for every 0 t < T ∗ν
1 c(s,d)
∥∥v(0)∥∥4(s−1)/sL2 ∥∥v(t)∥∥4/sH˙ s (T ∗ν − t1 − t).
Then
1 c(s)
∥∥u(t1)∥∥4(s−1)/sL2 ∥∥u(t + t1)∥∥4/sH˙ s (T ∗ν − t1 − t),
for t = 0, we obtain the desired result.
3.2. Proof of (1.3)




∥∥u(t)∥∥2H˙ s + ν∥∥∇u(t)∥∥2H˙ s  ∣∣〈u(t).∇u(t)/u(t)〉H˙ s ∣∣

∣∣〈div(u ⊗ u)(t)/u(t)〉H˙ s ∣∣

∣∣〈u ⊗ u(t)/∇u(t)〉H˙ s ∣∣

∥∥u ⊗ u(t)∥∥ ˙ s 3 ∥∥∇u(t)∥∥ ˙ s .H (R ) H

















∣∣F(u)(η)∣∣∣∣F(u)(ξ − η)∣∣dη)2 dξ.
Using the elementary inequality |ξ |s  2s|η|s + 2s|ξ − η|s , and the symmetric roles of ξ − η and η, we have





















∥∥u(t)∥∥2H˙ s + ν∥∥∇u(t)∥∥2H˙ s  2s+ 12 ‖u‖H˙ s∥∥F(u)∥∥L1(R3)‖∇u‖H˙ s .






∥∥u(t)∥∥2H˙ s + ν∥∥∇u(t)∥∥2H˙ s  22s+1ν−1‖u‖2H˙ s∥∥F(u)∥∥2L1(R3) + ν2 ‖∇u‖2H˙ s ,
and
∂t
∥∥u(t)∥∥2H˙ s + ν∥∥∇u(t)∥∥2H˙ s  22s+2ν−1‖u‖2H˙ s∥∥F(u)∥∥2L1(R3).
By Gronwall lemma, for every 0 a t < T ∗ν∥∥u(t)∥∥2H˙ s  ∥∥u(a)∥∥2H˙ s ec(s)ν−1
∫ t
a ‖F(u)(τ )‖2L1 dτ ,
the fact that limsupt→T ∗ν ‖u(t)‖2H˙ s = ∞ implies
T ∗ν∫
a
∥∥F(u)(τ )∥∥2L1 dτ = ∞, ∀0 a < T ∗ν . (3.5)


















∥∥u(t)∥∥2H˙ s  ∥∥u(a)∥∥2H˙ s ec(s)ν−1
∫ t














a ‖F(u)(τ )‖2L1 dτ .
Then ∥∥F(u)(t)∥∥21 3 e−c(s)ν−1 ∫ ta ‖F(u)(τ )‖2L1 dτ  c(s)∥∥u0∥∥2− 3s2 3 ∥∥u(a)∥∥ 3s s .L (R ) L (R ) H˙
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1− e−c(s)ν−1
∫ T













T ∗ν − a
)
,
then we can deduce (1.3).
3.3. Proof of (1.4)
Take a scalar product in H˙1,
1
2
∂t‖u‖2H˙1 + ν‖∇u‖2H˙1  ‖u ⊗ u‖H˙1‖∇u‖H˙1 .
By Lemma 3.1, and interpolation results we obtain
1
2






Inequality ab 14a4 + 34b4/3 yields
1
2







∂t‖u‖2H˙1 + ν‖∇u‖2H˙1  cν−1‖u‖6H˙1 . (3.6)





a ‖u(τ )‖4H˙1 dτ 
∥∥u(a)∥∥4H˙1 .
We integrate on [a, T ∗ν ), and using the relation (3.4); we ﬁnd
1 2cν−3
∥∥u(a)∥∥4H˙1(T ∗ν − a).
We obtain the desired result.
3.4. Proof of (1.5)




∣∣F(u)(t, ξ)∣∣2 + ν|ξ |2∣∣F(u)(t, ξ)∣∣2 + F(u.∇u)(t, ξ).F(u)(t,−ξ) = 0.




∣∣F(u)(t, ξ)∣∣2 = 1
2
∂t
(∣∣F(u)(t, ξ)∣∣2 + ε)
=
√∣∣F(u)(t, ξ)∣∣2 + ε∂t√∣∣F(u)(t, ξ)∣∣2 + ε,
and
∂t
√∣∣F(u)(t, ξ)∣∣2 + ε + ν|ξ |2 |F(u)(t, ξ)|2√|F(u)(t, ξ)|2 + ε +
F(u.∇u)(t, ξ).F(u)(t,−ξ)√|F(u)(t, ξ)|2 + ε = 0.
Then
∂t
√∣∣F(u)(t, ξ)∣∣2 + ε + ν|ξ |2 |F(u)(t, ξ)|2√
2

∣∣F(u.∇u)(t, ξ)∣∣.|F(u)(t, ξ)| + ε
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t∫
a
|F(u)(t, ξ)|2√|F(u)(t, ξ)|2 + ε 
√∣∣F(u)(a, ξ)∣∣2 + ε +
t∫
a
∣∣F(u.∇u)(τ , ξ)∣∣dτ .
Take ε → 0, we have
∣∣F(u)(t, ξ)∣∣+ ν|ξ |2
t∫
a








































integrating on [a, T ], T → T ∗ν and using inequality (3.5) we obtain the desired result.
4. General remarks
In this section we give some remarks on the equations of Navier–Stokes and it also gives simple proofs for classical
results about Euler equations.
4.1. In [1–9], the authors proved the following estimates for Navier–Stokes and Euler equations, for m 3 an integer,∥∥u(t)∥∥2Hm  ∥∥u0∥∥2Hmecm ∫ t0 ‖w(τ )‖L∞ dτ ,
where w := curl u.
Here, we give a general result for Navier–Stokes equations. Precisely, for any s > 5/2∥∥u(t)∥∥2Hs  ∥∥u0∥∥2Hs exp[csν−3t∥∥∇u0∥∥4L2e4 ∫ t0 ‖w(τ )‖L∞ dτ ]. (4.1)
We have




∂t‖w‖2L2 + ν‖∇w‖2L2 =
∣∣〈(w.∇)u/w〉L2 ∣∣ ‖w‖∞‖∇u‖L2‖w‖L2 . (4.2)
Using ‖∇u‖L2 = ‖w‖L2 (divu = 0), and Gronwall lemma∥∥∇u(t)∥∥2L2  ∥∥∇u0∥∥2L2e2 ∫ t0 ‖w‖L∞ .
We can deduce the result by inequality (3.3).




(∥∥∇ × u(τ )∥∥L∞ ,∥∥∇u(τ )∥∥4L2)dτ = ∞.
4.3. The results of Theorem 1.3 can be generalized to the case of arbitrary dimension: Rd , d 3. Precisely
c(s,d)ν3s/(2d−2)
















T ∗ν − t

∥∥F(u)(t)∥∥2L1(Rd).
4.4. The techniques used in the proof of Theorem 1.3: (1.2)–(1.3), cannot be generalized to the periodic cases Td , d  3.
The default is that the space Td is not invariant under dilations x → λ.x, λ > 0.
4.5. Using the techniques used in this work, we give a simple method to prove some result given in the paper [13]
for (s  4). Precisely: If u ∈ C([0, T ∗0 ), Hs(R3)) (s  4), a maximal solution of Euler equations (NS0), given by Theorem 1.1.
Suppose that T ∗0 < ∞, then




Suppose there exists νn a sequence of positif real numbers, such that νn → 0, and T ∗νn  T < T ∗0 . Put wn := uνn − u0, we
have
∂t wn − νnwn = −(wn.∇)wn − (wn.∇)u0 − (u0.∇)wn + νnu0 − ∇pn.
Take scalar product in H3, we obtain




∥∥wn(t)∥∥2H3 + νn∥∥∇wn(t)∥∥2H3  c∥∥wn(t)∥∥3H3 + c∥∥∇u0(t)∥∥H3‖wn‖2H3 + νn∥∥∇u0(t)∥∥2H3 .















then ∥∥wn(t)∥∥H3e− c2 ∫ t0 ‖wn‖H3  ν1/2n T 1/2‖u0‖L∞T (H4)e
c
2 T‖u0‖L∞T (H4) .






2 T‖u0‖L∞T (H4) .
Take n → ∞, we obtain contradiction.
J. Benameur / J. Math. Anal. Appl. 371 (2010) 719–727 7274.6. Finally, using the techniques used above, we give a simple method to prove some result given in the papers [12,13]
for (s  4). Precisely: If the maximal time of the Euler equations (NS0) is denoted by T ∗(u0), we give some “stability” for









u0 + h). (4.4)
Suppose there exists (hn)n a sequence in Hs , such that ‖hn‖Hs → 0, and T ∗0 (u0 + hn)  T < T ∗0 (u0). Let u (resp. un) the
solution of (NS0) with initial condition u0 (resp. u0 + hn). Put Dn := un − u, we have
∂t Dn = −(Dn.∇)Dn − (Dn.∇)u − (u.∇)Dn − ∇pn.
Take scalar product in H3, we obtain
∂t‖Dn‖2H3  c‖Dn‖3H3 + c
∥∥∇u(t)∥∥H3‖Dn‖2H3 .
By Gronwall lemma we have∥∥Dn(t)∥∥2H3  ‖hn‖2H3ec ∫ t0 ‖Dn‖H3+c ∫ t0 ‖∇u‖H3 .
But ∥∥Dn(t)∥∥H3e− c2 ∫ t0 ‖Dn‖H3  ‖hn‖2H3ec ∫ T0 ‖∇u‖H3 .






Take n → ∞, we obtain contradiction.
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